Abstract. For 0 ≤ q ≤ 1, we examine the q-numerical ranges of 3 × 3 tridiagonal matrices A(b) that interpolate between the circular range W 0 (A(b)) and the elliptical range W 1 (A(b)) as q varies from 0 to 1. We show that for q ≤ (1 − b) 2 /(2(1 + b 2 )), Wq(A(b)) is a circular disc centered at the origin with radius (1 + b 2 ) 1/2 , but W 4/5 (A(2)) is not even an elliptical disc.
1. Introduction. For a bounded linear operator T on a complex Hilbert space H, the q-numerical range W q (T ) of T for 0 ≤ q ≤ 1 is defined as W q (T ) = { T ξ, η : ξ, η ∈ H, ||ξ|| = ||η|| = 1, ξ, η = q}.
In the paper [5] , the authors of this paper give a bounded normal operator T on an infinite dimensional separable Hilbert space H defined by
where U is a unitary operator on a Hilbert space H with σ(U ) = {z ∈ C : |z| = 1}, and 0 < α < 1, and show that closure(W q (T )) = {x + iy : (x, y) ∈ R 2 , x 2 + y
is an elliptical disc which interpolates between the circular range W 0 (T ) and the elliptical range W (T ) := W 1 (T ) as q varies from 0 to 1.
Various conditions for a bounded operator T are known which assure that the closure of the numerical range W (T ) is an elliptical disc (cf. [2] , [3] , [7] ). It seems naturally to ask whether the conditions for elliptical range of W (T ) guarantee that W q (T ) is also elliptical for 0 < q < 1. If T is an n×n upper triangular nilpotent matrix
ELA
The q-Numerical Range of Tridiagonal Matrices 377 associated with a tree graph, then the range W q (T ) is circular for every 0 ≤ q ≤ 1. Thus the question has a positive answer for such a special class of matrices. A special quadratic 3 × 3 matrix
is another affirmative example (cf. [6] ). It is shown [6] that if γ > 0, a, b ∈ R, and
The main purpose of this note is to deal with the behavior of the q-numerical ranges of some 3 × 3 tridiagonal matrices A that interpolate between the circular range W 0 (A) and elliptical range W 1 (A) for 0 ≤ q ≤ 1. We also give an example of a real 3 × 3 tridiagonal matrix which has a non-elliptical q-numerical range.
2. 3 × 3 tridiagonal matrices. The shapes of the classical numerical ranges of 3 × 3 matrices are tested and determined in [8] , [10] . For tridiagonal matrices, it is proved in [1, Theorem 4] that if A is a nonnegative tridiagonal 3 × 3 matrix with 0 main diagonal:
then the numerical range W (A) is an elliptical disc centered at 0, the major axis on the real line. We show that the q-numerical range of this tridiagonal matrix is in general not an elliptical disc. Consider tridiagonal matrices of Toeplitz type
We may assume that a = 1 and b ≥ 0, b = 1
First we compute the equation of the boundary of the Davis-Wielandt shell of A:
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(
) then the boundary of W q (A) contains circular arcs on the circle
Proof. We prove (i) first. By (3), the function (7) restricted to the elliptical disc bounded by (4) becomes
Consider a point z = x + iy ∈ W (A) for which
for some r ∈ C, |r| = 1. Moreover, if Ψ(z) is continuously differentiable on a neighborhood of the point x + iy, then by [4, Theorem 2] the point x + iy satisfies the equation
We compute that
From (8) and (9), we obtain
Substitute R = x 2 + y 2 in (10). Then we have the relation
Consider X = 0 in the ellipse (4), then the semi-minor of the ellipse is (
Then the circle
is contains in the elliptical disc bounded by (4). The inequality (11) is rewritten as (6) is expressed as
which is a circle centered at the origin with radius
This proves (i).
A similar argument of the proof of (i) is applicable to prove (ii). We consider Y = 0 in the ellipse (4), then the semi-major of the ellipse is (
. Then the intersection of the elliptical disc
and the set
containing two arcs. Corresponding to these two arcs, the boundary of W q (A) in (6) contains arcs on the circle
, the boundary of W q (A) contains two arcs on the circle x 2 + y 2 = 1 + b 2 , but W q (A) may not equal to the associated circular disc. Indeed, it may not even be an elliptical disc. We treat the case b = 2 in the matrix (1). Then (1−b) 2 /(2(1+b 2 )) = 1/10 and (1+b) 2 /2(1+b 2 ) = 9/10. In the following, we show that W 4/5 (A(2)) is not an elliptical disc. At first, we have the boundary equation of the Davis-Wielandt shell of A(2). 
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and eliminate the variables x and y from the equations
Successive eliminations of x and y provide a performable method to this process. The polynomial G(X, Y, Z) is obtained as a simple factor of the successive discriminants.
Partial terms of the polynomial G(X, Y, Z) computed by the proof of Theorem 2.2 are given by By the symmetry property, we have that
. By equation (6), we obtain
where
If z = X + iY lies on the elliptical disc
then the function Ψ(z) is given by
If z ∈ W (A) does not belong to the disc (13), then Ψ(z) satisfies
If |x| ≤ 9 √ 205/410, then the function W = Φ π/4 (x) is given by
We have Φ π/4 (9 √ 205/410) = 4019/820. To express W = Φ π/4 (x) for 9 √ 205/410 ≤ |x| ≤ √ 10/2, we introduce It is given by ).
By using these equations, we prove the following theorem.
Theorem 2.3
Let A(2) be the 3 × 3 tridiagonal matrix (1) with b = 2. Then
, and the quantity
is the greatest real root of the equation
and satisfying the inequality Proof. Suppose that the inequality (16) is proved. If the boundary of W 4/5 (A) is an ellipse, by the symmetry of W 4/5 (A) with respect to the real and imaginary axes, the ellipse is given by
and its support ax + by + 1 = 0 satisfies the equation
We may rewrite a support line
Then, we have the equation
and hence
As a special case θ = π/4, we have
Thus the inequality (16) implies that the boundary is not an ellipse.
Secondly, we determine the quantities M x , M y . By the equation (12), the quanti- (4/5) are respectively the maximum of the function
for θ = 0, π/2, π/4. Each maximal point x θ satisfies 
for which
For θ = π/2, x θ is given by
at which the function
attains the maximum M y = 27 √ 6/40, where Φ π/2 (Y ) is given by (14).
Thirdly, an implicit expression (15) of M v can be obtained by the elimination of x from the equatioñ
and M v is the greatest real root of the polynomial R(v). Finding a numerical solution of the equation R(v) = 0, we obtain the inequality (16).
The boundary points x + iy of W 4/5 (A) are classified into the two classes. One class consists of points satisfying
for some point u + iv on the elliptical disc (13), and some |w| = 1. This class of points lies on the circle x 2 + y 2 = 5. Another class corresponds to points u + iv satisfying
2 ) = 0, and lies on an algebraic curve S(x, y) = 0, where S(x, y) is a polynomial in x and y of degree 16 which is decomposed as the product of a polynomial S 1 (x, y) of degree 6 and a polynomial S 2 (x, y) of degree 10. We perform the computation of S(x, y). The curve S 1 (x, y) = 0 is displayed in Figure 1 . At the right-end corner of Figure 1 , there is an intersection of two curves which is displayed in Figure 2 . The convexity is connected by an arc of the circle x 2 + y 2 = 5 as shown in Figure 3 . The curve S 2 (x, y) = 0 is display in Figure 4 , and the final boundary generating curve of W 4/5 (A) is displayed in Figure 5 . We have determined W q (A(b)) in Theorem 2.1 for q < (1 + b) 2 /2(1 + b 2 ), and demonstrated in Theorem 2.3 that W q (A(2)) is not an elliptical disc if q = 4/5. A similar method can be applied to show that for q = 12/13 > (1 + b) 2 /2(1 + b 2 )| b=2 , W 12/13 (A(2)) is also not an elliptical disc. Indeed, the boundary of W 12/13 (A(2)) lies on a polynomial curve of degree 16.
3. The functions Φ θ . By a duality theorem in [9] , the function Ψ on W (A) is reflected to the elliptical range property of the family of {W q (A) : 0 ≤ q ≤ 1}. Can we find another criterion for the elliptical range of {W q (A) : 0 ≤ q ≤ 1}? The following example suggests that the functions Φ θ can not play the role.
We consider an example: 
